This paper compares the performance of two multivariate methods, based on Multivariate Cumulative Sum (MCUSUM) quality control chart and generalized variance S quality control chart. MCUSUM control charts are widely used in industry because they are powerful and easy to use. They cumulate recent process data to quickly detect out-of-control situations. MCUSUM procedures will usually give tighter process control than classical quality control charts. A MCUSUM signal does not mean that the process is producing bad product.
Introduction
The Multivariate Cumulative Sum (MCUSUM) control chart is a multivariate quality control chart that has the advantage of detecting small changes in the process mean.
As a multivariate counterpart of the X chart, the 2 χ -chart was first suggested and used by Hotelling [16] in the testing of bombsights.
It is well known that the 2 χ -chart is relatively insensitive to small mean shifts. This disadvantage raises the problem of how to obtain multivariate extensions of run rules, the CUSUM charts (Woodall and Ncube [34] ) suggested a multiple CUSUM chart by using a series of the CUSUM control charts on original characteristics or on principal component axes depending on the type of shift in the mean that is considered to be important to detect. Pignatiello and Runger [26] showed that the Woodall and Ncube [34] multiple CUSUM chart does not have good average run length (ARL) properties when the process means shifts along several characteristics simultaneously. To lessen the sensitivity of the multiple univariate CUSUM chart to directions, they recommended using the univariate CUSUM charts aimed at several uniformly elected directions. Obviously, the more the directions the less the sensitivity.
But, at the same time they found that the resulting control chart is hard to manage when there are three or more characteristics. Hawkins [15] indicated that under some circumstances separate controls on the regression -adjusted variables by the CUSUM charts can both improve the speed of detection and make the chart signal more easily interpretable.
The above problem also motivates attempts to extend the univariate CUSUM statistics to multivariate data. One difficulty encountered with generalizing the CUSUM statistics is that there are two cumulative sums for each variable, see Crosier [9, 10] , Pignatiello and Runger [26] , proposed some two-sided methods which require only cumulative sum, then they generalized these new statistics to the higher dimension. As a result, they obtained two multivariate CUSUM charts: the MCUSUM and multivariate CUSUM(I) (MCl) charts. Note that neither of these two charts is the natural multivariate extension of the univariate CUSUM chart.
The rapid growth data acquisition technology and the uses of online computers for process monitoring led to an increased interest in the simultaneous control of several related quality characteristics. These techniques are often referred to multivariate statistical process control procedures. The use of separate univariate control chart for each quality characteristic has proved to be inappropriate. This is because, it neglects the correlation between the multiple quality characteristics; and this leads to incorrect results.
The modern statistical process control took place when Shewhart [28] developed the concept of a control chart based on the monitoring of the process mean level through sample mean ( X chart) and process dispersion through sample range (R chart) or sample standard deviation chart. In the multivariate setting, Hotelling [16] published what can be called the first major works in multivariate quality control. Hotelling developed the 2 T statistic and the statistics based on the sample variance-covariance matrix S procedure, and its extensions to control charts to combine measurements taken on variables in several dimensions into a single measure of excellence.
After Hotelling there was no significant work done in this field until the early sixties, when with the advances in computers, interest in multivariate statistical quality control was revived. Since then, some authors have done some work in this area of multivariate quality control.
The two more important and used statistics based on the sample variance-covariance matrix S, are Likelihood-Ratio and the generalized variance , S the 3 determinant of S, Wilks [32] ; Anderson [5] ; Korin [21] ; Alt [2, 3] ; Aparisi et al. [6] ; Dogu and Kocakoc [12] .
Alt [2] proposed several control charts based on the sample generalized variance, denoted by . S One of these methods using the S control chart is to utilize its distributional properties. The other method is constructed using the first two moments of the S and the property that most of the probability distribution of S is contained in the
Houshmand and Javaheri [17] presented two procedures to control the covariance matrix in a multivariate setting. The advantages of these procedures are that they allow the investigators to identify the sources of the out-of-control signal. These procedures are based on constructing tolerance regions to control the parameters of the correlation matrix.
Linna et al. [22] presented a model for correlated quality variables with measurement error. The model determined the performance of the multivariate control charting methods. The usual comparison of control chart performance does not directly apply in the presence of measurement error.
Djauhari [11] proposed an improved control chart having unbiased control limits. This method focuses on use of determinate of the average of sample as an estimate of the true generalized variance and its square root. In this paper which refers to the use of S and S as multivariate dispersion measures have some limitations. In general, some changes of the covariance structure do not change the sample generalized variance and are not apt to be detected using S and S chart. He presented these charts and improved their effectiveness by correcting the base of the control limits. He also discusses the problems encountered when he uses the standard chants. He derived the bias of their control limits and suggests improvements. It is shown that multivariate control chart has several advantages in comparison with multiply univariate charts:
Multivariate Quality Control Chart
• The actual control region of the related variables is represented.
• We can maintain specification type I error.
• A signal control limit determines whether the process is in control.
• Multivariate control chart simultaneously monitors two or more correlated variables. To monitor more than one variable using univariate charts, we need to create a univariate chart for each variable.
• The scale on multivariate control charts unrelated to the scale of any of the variables.
• Out-of-control signals in multivariate charts do not reveal which variable or combination of variables cause the signal.
A multivariate control chart consists of:
• Plotted points, each for which represents a rational subgroup of data sampled from the process, such as a subgroup mean vector individual observation, or weighted statistic.
• A center line, which represents the expected value of the quality characteristics for all subgroups.
• Upper and lower control limits (UCL and LCL), which are set a distance above and below the center line. These control limits provide a visual display for the expected amount for variation. The control limits are based on the actual behaviour of the process, not the desired behaviour or specification limits. A process can be in control and yet not be capable of meeting requirements.
Comparison Methodology

Univariate cumulative sum (CUSUM) procedure
Cumulative sum (CUSUM) control charts were first introduced by
Page [24] . He proposed that, a decision about changes in a process should not be based on a single observation or a statistic calculated from a few observations, but on all the observations that had been obtained up to the time of testing.
The information from the new sample should be combined with past data to give an indication of a possible shift in the process level. Often successive observations cannot be considered independent, so combining past and present data should increase sensitivity and speed the detection of small shifts in a process.
Montgomery [23] He notes that there are two ways to represent CUSUMS, the tabular (or algorithmic) CUSUM, and the V-mask form of the CUSUM.
The tabular or algorithmic CUSUM for monitoring the process mean
Montgomery [23] shown that a tabular CUSUM may be constructed for monitoring the mean of a process. CUSUMs may be constructed both for individual observations and for the averages of rational subgroups.
The case of individual observations occurs very often in practice, so that situation will be treated first. Later he shown that how to modify these results for rational subgroups.
Let i X be the th -i observation on the process. When the process is in control i X has a normal distribution with mean 0 µ and standard deviation σ he assumed that either σ is known or that an estimate is available.
Sometimes it is considering that 0 µ as a "target" value for the quality characteristic X, this viewpoint is often taken in the chemical and process industries when the objective is to control X to a particular target value if the process drifts or shifts off his target value, the CUSUM will signal, and adjustment is made to some manipulatable variable to bring the process back on target. Also, in some cases, a signal from a CUSUM indicates the presence of an assignable cause that must be investigated The tabular CUSUM
, 0 max
where the starting values are .
In Equations (2) and (3), k is usually called the reference value (or the allowance, or the slack value), and it is often chosen about halfway between the target 0 µ and the out-of-control value of the mean 1 µ that it was interested in detecting quickly. Thus, if the shift is expressed in standard deviation units as , or
then k is one-half the magnitude of the shift or
Note that In situations where an adjustment to some manipulatable variable is in order to bring the process back to target value , 0 µ it may be helpful to have an estimate of the new process mean following the shift. This can be computed as follows:
Finally, Montgomery [23] noted that runs tests, and other sensitizing rules such as the zone rules, cannot be safely applied to the CUSUM, because successive values of Woodall and Adams [33] recommend the ARL approximation given by Siegmund [29] because of its simplicity.
For a one-sided CUSUM (that is, 
where 
Montgomery [23] noted that, there are two advantages to standardizing the CUSUM. First, many CUSUM charts can be have the same values of k and h, and the choices of these parameters are not scale dependent (that is, they do not depend on σ ). Second, a standardized CUSUM leads naturally to a CUSUM for controlling variability.
The V-mask procedure
Montgomery shown that the V-mask is an alternative procedure to the use of a tabular CUSUM is the V-mask control scheme proposed by
Barnard [7] . The V-mask is applied to successive values of the CUSUM statistic. The tabular CUSUM and the V-mask scheme are equivalent if
and ( )
In these two equations, A is the horizontal distance on the V-mask plot between successive points in terms of unit distance on the vertical scale where 2
, and then
Equations (11) and (12) would be solved as follows:
That is the lead distance of the V-mask would be 10 horizontal positions, and the angle opening on the V-mask would be . 57 . 26 Johnson [20] has suggested a method for designing the V-mask, that is, selecting d and .
θ He recommended the V-mask parameters.
and
where α 2 is the greatest allowable probability of a signal when the process mean is on target (a false alarm) and β is the probability of not detecting a shift of size . δ If β is small, which is usually the case, then.
.
Montgomery [23] strongly advise the quality engineer not to use the V-mask procedure. Some of the disadvantages and problems associated with this scheme are as follows:
(1) The V-mask is a two-sided scheme: it is not very useful for onesided process monitoring problems.
(2) The head start feature, which is very useful in practice, cannot be implemented with the V-mask. Adams et al. [1] point out that detaining α 2 as the probability of a false alarm is incorrect. Essentially α 2 cannot be the probability of a false alarm on any single sample because this probability changes over time on the CUSUM nor can α 2 be the probability of eventually obtaining a false alarm (this probability is, of course, l). In fact, α 2 must be the long-run proportion of observations reservations resulting in false alarms. If this is so, then the in-control ARL should be . Then, he proposes a sequential test in reverse order on the noncentrality parameter of the distribution of statistic i E Alwan [4] shown that the decision equation of the test is linear and therefore a standard V-mask can be constructed.
The multiple univariate CUSUM control charts
Woodall and Ncube [34] 
In Equation (16) 
Therefore, the process is considered out of control as soon as any one of the multiple CUSUM control charts indicates an out of control signal.
This method has two obvious advantages. It is very easy to understand and very easy to implement.
However, it has a major disadvantage in that the correlation between the various quality characteristics is not taken into account. Therefore, it is impossible to tell exactly what is the significance level of the test.
Multivariate CUSUM charts
Pignatiello and Runger [26] introduced two multivariate CUSUM charting procedures. Both these multivariate CUSUM procedures are based on quadratic forms of the mean vector. The difference between the two multivariate CUSUM procedures discussed here centers on the point at which the accumulation (i.e., the sum) is made. Multivariate CUSUM (I) (MC1) accumulates the X vectors before producing the quadratic forms while multivariate CUSUM (II) (MC2) calculates a quadratic form for each X and then accumulates those quadratic forms. A procedure similar to MC1, described below, was first proposed by Pignatiello and Kasunic [25] in the following sections.
Multivariate CUSUM (I)
To introduce the first multivariate CUSUM charts, they considered that the multivariate sum ( ), Moreover, Pignatiello and Runger [26] compared MC1 and MC2 to the multiple univariate CUSUM charts given by Woodall and Ncube [34] and to the multivariate Shewhart 
Multivariate process variability control chart
Monitoring process variability is an important part of any control procedure. Montgomery [23] point out that "just as it is monitor process variability". A similar remark is made by Alt and Smith [3] . Events that need to take place for a successful important of statistical process control include an initial examination of stability and a capability analysis. Once this stage is satisfactorily completed, ongoing monitoring of key process parameters is necessary. One vital parameter is process variability, and the need to monitor and control variability motivates this paper.
It focuses on use of the determinate of the sample variancecovariance matrix , S also called the sample generalized variance.
Jackson [18] proposed that the starting point of the statistical application of the method of principal components is the sample covariance matrix S, for a p-variate problem, (27) The lower control limit in Equation (27) can replaced with zero if the calculated value is less than zero. He noted that, usually in practice ∑ could be estimate by a sample covariance matrix S, based on the analysis of preliminary samples. Accordingly, we should replace ∑ in Equation (27) by . 
The Application
Delta Fertilizers and Chemical Industries is considered one of the leading companies in the field of fertilizers production in Egypt. About 4500 employees are working for it, on the various managerial levels.
Urea production is one of the major products of the company. The production of urea occurs through three stages, summarized as follows:
A. High pressure stage
In this stage, urea is produced through two reactions; the first reaction occurs by condensation of Ammonia Gas and Carbon dioxide under high pressure and temperature for the sake of the production of (
ii) Prilling stage
In this stage, the urea melt is through formed into prilling in the prilling tower.
It contains four variables, these are: 
Data description
For the application of multivariate quality control, chart data originate from urea production process, which consists of the three stages and the analysis of laboratory, which discussed above.
The number of the sample is 732 observations taken per hour.
The advantages of this sample that, it has several variables and several stages of the production. This advantage of the production is the basic reason for choosing this production to allow us to study the multivariate quality control charts.
In this application, we shall introduce the most common using technique of multivariate quality control charts; MCUSUM chart & generalized variance chart.
MCUSUM chart
• Plotted points, each of which represents the multivariate statistic for each observation.
• A center line (green), which is the median of the theoretical distribution of multivariate statistic.
• Control limits (red), which provide a visual means for assessing whether the process is in-control. The control limits represent the expected variation.
MINITAB marks points outside of the control limits with a red symbol. Test Failed at points: (Greater than UCL)   11  22  28  42  44  46  49  51  53  55  61   64  81  102  243  245  251  253  255  258  262  264   274  449  459  481  634  645  659  659  661  665  701   715  717  719  722  725 MCUSUM chart of X1, ..., X16 and t1.1, ..., t2.5 can be summarized as follows:
• The lower and upper control limits are 9.7 and 52, respectively.
Therefore, we expect the MCUSUM statistics to fall between 9.7 and 52.
The center line or median, is 25.3.
• Test results indicate that 52 points less than LCL, for example, point 114 exceeds the lower control limit.
• Test results indicate that 40 points greater than UCL, for example, the test results indicate that point 13 exceeds the upper control limit.
• Test results indicate 92 point through beyond the control limits.
Then the out-of-control rate 12.6% and the in-control rate 87.4%. MCUSUM chart of y1, ..., y7 and t3.1, ..., t4.5 can be summarized as follows:
• The lower and upper control limits are 0.2 and 43.6, respectively.
Therefore, we expect the MCUSUM statistics to fall between 0.2 and 43.6. The center line, or median, is 19.3.
• Test results indicate that 19 point greater than UCL, for example, test results indicate that point 91 exceeds the upper control limit.
• Test results indicate 19 point that are beyond the control limit. Then the out of control rate 2.59% and the in-control rate 97.41%. MCUSUM chart of Z1, ..., Z4 and t6.1, ..., t6.8 can be summarized as follows:
• The lower and upper control limits are 2.37 and 31.63, respectively. Therefore, we expect the MCUSUM statistics to fall between 2.37 and 31.63. The center line, or median, is 11.35.
• Test results indicate that 21 point greater than UCL, for example, test results indicate that point 245 exceeds the upper control limit. Generalized variance chart of X1, ..., X16 and t1.1, ..., t2.5 can be summarized as follows:
• The lower and upper control limits are 0.528 and 1.312, respectively. Therefore, we expect the generalized variance statistics to fall between 0.528 and 1.312. The center line, or median, is 0.92.
• Test results indicate 111 points through beyond the control limits.
• Test results indicate that the process is in-control for 621 points and out-of-control for 111 points. Then the out-of-control rate 15.16% and the in-control rate 84.84%. • Test results indicate 31 points through beyond the control limits.
• Test results indicate that the process is in-control for 701 points and out-of-control for 31 points. Then the out-of-control rate 4.23% and the in-control rate 95.77%. Generalized variance chart of Z1, …, Z4 and t6.1, …, Figure 7 . Generalized variance chart of Z1, ..., Z4 and t6.1, ..., t6.8.
4.2.3.
Generalized variance chart of Z1, ..., Z4 and t6.1, ..., t6.8 can be summarized as follows:
• The lower and upper control limits are 0.342 and 1.594, respectively. Therefore, we expect the generalized variance statistics to fall between 0.342 and 1.594. The center line, or median, is 0.968.
• Test results indicate 26 points through beyond the control limits.
• Test results indicate that the process is in-control for 706 points and out-of-control for 26 points. Then the out-of-control rate 3.55% and the in-control rate 96.45%.
Comparison Results of Application
The application is shown that in 
Conclusion
• The MCUSUM is shown that the MCUSUM chart is a multivariate quality control chart, has the advantage of detecting small shifts in the process mean.
• The MCUSUM chart used to determine whether the process mean vector for two or more variables is in-control.
• The MCUSUM charts allow us to simultaneously monitor whether two or more related variables are in-control.
• Generalized variance chart used to determine whether or not the joint process variability (the joint variability that accounts for the variability of each charted variable) for two or variables is in-control.
• Generalized variance charts allow us to simultaneously monitor whether the joint variability of two or more related variables is incontrol.
Finally,
• The company should use MCUSUM quality control chart to monitor the quality of the urea production. Too, the company should use the MCUSUM chart to determine variables which causes the out-of-control signals.
• The company should use generalized variance chart to determine whether or not the joint process variability for two or more variables is in control.
